ABSTRACT. We show that endomorphisms of Weyl algebras over fields of characteristic zero are flat and that birational endomorphisms are automorphisms by reducing to positive characteristic. We also give examples showing that endomorphisms of Weyl algebras are not in general flat over fields of positive characteristic.
INTRODUCTION
We prove that endomorphisms of Weyl algebras over a field of characteristic zero are flat. More precisely, let A be the n-th Weyl algebra over a field of characteristic zero and ϕ : A → A an endomorphism with S = ϕ(A). We prove that S ⊂ A is a flat ring extension in the sense of [4, Ch. 2, §2.8] i.e., A is flat both as a left and a right S-module. The endomorphism ϕ gives an extension of division rings Q(S) ⊂ Q(A). We call ϕ birational if Q(S) = Q(A) and show that birational endomorphisms of Weyl algebras over fields of characteristic zero are automorphisms. This is a non-commutative analogue (over fields of characteristic zero) of Keller's classical result that birational endomorphisms of affine spaces with invertible Jacobian are automorphisms [11] .
In general, Q(S) ⊂ Q(A) is an extension whose left-and right dimensions are bounded by deg(ϕ) 2n (see Proposition 4.2).
The key component in our approach is reduction to positive characteristic, where the n-th Weyl algebra is finite free over its center, which is a polynomial ring in 2n variables [15] with canonical Poisson bracket coming from the commutator in the lifted Weyl algebra (see [3] and §1.3 of this paper).
The Dixmier conjecture [6, §11.1] states that an endomorphism of the first Weyl algebra, i.e. n = 1 above, over a field of characteristic zero is in fact an automorphism. The Jacobian conjecture states that an endomorphism of affine n-space with invertible Jacobian over a field of characteristic zero is an automorphism for n ≥ 2. The natural extension of the Dixmier conjecture to n ≥ 1 is a non-commutative analogue 1 of the Jacobian conjecture and seems inherently intractable.
It is known over a field of arbitrary characteristic, that an endomorphism of affine n-space with invertible Jacobian is flat [2, (2.1) THEOREM] [14] . We give examples of endomorphisms of the first Weyl algebra over fields of positive characteristic for which flatness fails.
A proof of flatness of endomorphisms of Weyl algebras over fields of characteristic zero was presented in [18] , but it seems to contain a mistake (see §2.3 of this paper for further details), which we at present do not know how to circumvent.
PRELIMINARIES
Most of this section is aimed at introducing the Weyl algebra over commutative rings of prime characteristic and the reduction from zero to positive characteristic. Except for a few results, we have deliberately done this in some detail to make the paper self contained. The study of the Weyl algebra over rings of prime characteristic was initiated in [15] .
Throughout this paper N denotes the natural numbers {0, 1, 2, . . . } and R a commutative ring.
1.1. The Weyl algebra over a commutative ring. Proposition 1.1. Let S be a ring and ∂ , x ∈ S with [∂ , x] = ∂ x − x∂ = 1. With the convention ∂ r = x r = 0 for r < 0,
Proof. The formula in (i) follows using that ad(x) and ad(∂ ) are derivations of S with ad(∂ )(
The identity in (ii) goes back to [12, THEOREM XIII] . A proof may be given by induction using that
Definition 1.2.
The n-th Weyl algebra A n (R) over R is the free R-algebra on x 1 , . . . , x n , ∂ 1 , . . . , ∂ n with relations 
Proposition 1.4. The Weyl algebra A n (R) is a free R-module with a basis consisting of the mono-
Proof. See [8, §2, Lemma 3].
Positive characteristic.
If char(R) > 0, A n (R) is a finitely generated module over its center.
The following result is a consequence of Proposition 1.1 and Proposition 1.4. 
The following result is central in this paper. Here we basically follow [1, Theorem 3.1 and Proposition 3.2] in the proof. 
where p is a prime number.
. . , D n ∈ A n (R) satisfy the commutation relations for the Weyl algebra i.e.,
is a basis for A n (R) as a module over C.
Proof. Proposition 1.5 implies that C is a central subalgebra and that A n (R) is a free module over C with basis
is an element of the center of A n (R) with α, β ∈ N n and λ α,β ∈ C. If λ α,β = 0 for some (α, β ) = (0, 0), then there exists an element D ∈ {x 1 , . . . ,
Applying ad(D i ) and ad(X i ) successively, it follows by Proposition 1.1 that M is linearly independent over C. Suppose that R is an integral domain and let K denote the field of fractions of C. Then every element in A n (R) is a K-linear combination of elements in M. However, the formula in Proposition 1.1 applies to show that the coefficients in such a linear combination belong to C proving that M is a generating set over C.
In the proof of (ii) for general rings of characteristic p, we may assume that R is noetherian by replacing R with the Z-algebra generated by the coefficients of X 1 , . . . , X n , D 1 , . . . , D n in the monomial basis from Proposition 1.4. This assumption provides the existence of finitely many prime ideals P 1 , . . . , P m ⊂ R such that
Let N denote the C-submodule of A n (R) generated by M. By the integral domain case, we have
for P = P 1 , . . . , P n . By iterating (1.2.3) we get N = A n (R) using (1.
2.2). This proves (ii).
For the proof of (iii),
. . , n. Therefore ϕ(C) ⊂ C and (a) is proved. If ϕ| C is injective/surjective, then ϕ is injective/surjective again using (ii). This proves (b).
The Poisson bracket on the center.
In this section we recall, following Belov-Kanel and Kontsevich [3] , how the standard Poisson bracket on the center in prime characteristic is related to the commutator in the Weyl algebra.
Definition 1.8. A Poisson algebra P over R is a commutative R-algebra with an R-bilinear skew-
symmetric pairing {·, ·} : P × P → P called the Poisson bracket, such that (P, {·, ·}) is a Lie algebra over R and {a, ·} : P → P is a derivation for every a ∈ P i.e., the Leibniz rule {a, bc} = {a, b}c + b{a, c} holds for every b, c ∈ A. A Poisson ideal I ⊂ P is an ideal with the property that {a, x} ∈ I for every a ∈ P and x ∈ I. Example 1.9. In general, a Poisson bracket {·, ·} on a Poisson R-algebra A generated by ξ 1 , . . . , ξ m ∈ A is uniquely determined by
The standard Poisson bracket on the polynomial ring P = R[x 1 , . . . , x n , y 1 , . . . , y n ] is uniquely determined by
. . , n and given by the formula
where f , g ∈ P.
Proposition 1.10. Assume that R is an integral domain and let ϕ be an R-endomorphism of P
, where J(ϕ) is the Jacobian matrix of ϕ with columns indexed by x 1 , . . . , x n , y 1 , . . . , y n and rows by the coordinate functions of ϕ.
Proof. Let H denote the 2n × 2n skew-symmetric matrix
The endomorphism ϕ gives rise to the 2n × 2n skew-symmetric matrix H(ϕ) with entries {ϕ i , ϕ j }, where
The assumption on ϕ implies that H(ϕ) = H. Applying the determinant to the identity
Let p be a prime number and suppose that R has no p-torsion. Let π denote the canonical map
is independent of the choice off ,g ∈ A n (R) with π(f ) = f and π(g) = g. Proposition 1.11. The operation in (1.3.2) is the standard Poisson bracket on the center C of A n (R/pR) with
Proof. From properties of the commutator in the Weyl algebra, {·, ·} : C × C → A n (R/pR) is Rlinear, skew-symmetric and satisfies the Leibniz rule and the "0" bracket rules in (1.3.3). Proposition 1.1(ii) and Wilson's theorem imply that {x Proof. With the notation above mC is a Poisson ideal in C. Therefore the surjection γ : A n (R/pR) → A n (R/m) induces the standard Poisson bracket on the center C m of A n (R/m) given by { f , g} := {F, G}, where γ(F) = f and γ(G) = g. Taking Theorem 1.7(iii)(a) and (1.3.2) into account, the result follows.
1.4. Reduction to positive characteristic. We recall some well known and useful results for reduction to positive characteristic used in this paper. The set of maximal ideals in R is denoted Specm(R). Proof. Let S = ϕ(A n (R)) and C S = ϕ(C). Then the product map C ⊗ C S S → A n (R) is an isomorphism by Theorem 1.7 (ii) (see also [16, §3.3 
Theorem 1.13. Suppose that R is a finitely generated integral domain over Z. Then (i) R/m is a finite field for every m ∈ Specm(R) and (ii)
m∈Specm(R) m = (0). (iii) Let f ∈ R. If m ∈ Specm(R f ), then m ∩ R ∈ Specm(R) and R/m ∩ R = R f /m.
, Corollary 2]).
Assume that the restriction ϕ| C is a flat ring homomorphism of commutative rings. For a left S-module M, the natural isomorphism
of abelian groups therefore shows that ϕ is right flat. The "opposite" product map S⊗ C S C → A n (R) similarly shows that ϕ is left flat if ϕ| C is flat.
Suppose that ϕ is left (or right) flat i.e., A n (R) is flat as a left (or right) module over the subring S. Then A n (R) is a flat C S -module, since C S ⊂ S ⊂ A n (R) and S is a free C S -module. This implies that C is a flat C S -module as the second step of the extension C S ⊂ C ⊂ A n (R) is free and therefore faithfully flat.
Notice that an injective endomorphism as in Lemma 2.1 is right flat if and only if it is left flat. 
In this section we will prove that ϕ is not a flat ring endomorphism by showing that the restriction of ϕ to the center of A 1 (k) fails to be flat as an endomorphism of commutative rings.
The computation of the restriction to the center can be quite difficult potentially involving complicated p-th powers in the Weyl algebra. For the endomorphism ϕ, a classical formula from Jacobson's book [10, p. 187] helps greatly in an otherwise complicated computation: suppose that A is a ring of prime characteristic p and a, b ∈ A. Then (2.2.1)
where is i (a, b) is the coefficient of t i−1 in
where D :
is the derivation ad(ta + b) and t is a central indeterminate.
Lemma 2.2. The formula
Proof. This is a consequence of Jacobson's formula (2.2.1) with a = ∂ and b = x p−1 ∂ p using (p − 1)! = −1 (Wilson's theorem).
Consider now the restriction of ϕ to the center in terms of the ring homomomorphism f :
This ring homomorphism is injective and therefore ϕ is injective by Theorem 1. 
This proves that f is not a flat ring homomorphism and therefore ϕ is not flat by Lemma 2.1. 
Flatness in characteristic zero
The increasing sequence B = B 0 ⊂ B 1 ⊂ · · · of finite rank free R-submodules given by
is a filtration of A n (R) (called the Bernstein filtration) i.e., Proof. As M is a finitely generated A n (R)-module, it has a good filtration {M i } i∈N . The associated graded module Gr(M) is a finitely generated module over a polynomial ring with coefficients in R, and thus, by Lemma 2.3, there exists a nonzero f ∈ R such that the R-modules (M i /M i−1 ) f are free, for i ∈ N. By choosing a basis for each (M i /M i−1 ) f , i ∈ N, and lifting the collection of these elements to M f we obtain a basis of M f . In particular, M f is free. Then there exists f ∈ R with N f = 0.
Proof. Applying Proposition 2.4 to the finitely generated module M/N, we may find a nonzero g ∈ R, such that (M/N) g is a free R g -module. Similarly we may find a nonzero h ∈ R, such that N h is a free R h -module, since M is left noetherian as a finitely generated left module over A n (R). Therefore N f and (M/N) f are free as modules over R f , where f = gh. Now consider the short exact sequence
and fix a maximal ideal m in R f . As (M/N) f is free over R f , we obtain an induced injective map
By (iii) in Theorem 1.13, the field R f /m is isomorphic to R/m R , where m R = m ∩ R. In particular, the map (2.3.1) is identified with the map
which is zero by the definition of N. Therefore
and N f = 0 by the freeness of N f .
We now prove flatness in characteristic zero by reducing to positive characteristic.
Flatness.
Theorem 2.6. Let K be a field of characteristic zero. Then an endomorphism ϕ :
Proof. Let S = ϕ(A n (K)). We will prove that A n (K) is flat as a left S-module (ϕ is injective, since A n (K) is a simple ring). The proof that A n (K) is flat as a right S-module is similar and is left to the reader. It suffices to prove that the multiplication map
is injective for every finitely generated right ideal I in S. Let M denote the right A n (K)-module I ⊗ S A n (K), and assume that m ∈ M maps to zero under (2.3.2). We will prove that m is zero. Assume that I is generated as a right ideal in S by elements ϕ(a i ), for i = 1, 2, . . . , m, with a i ∈ A n (K). We may then write
for certain elements b i ∈ A n (K). Now fix a finitely generated Z-subalgebra R of K, such that all the elements a 1 , a 2 , . . . , a m , b 1 , b 2 . . . , b m and ϕ(x 
whose base change to K equals ϕ. We let S R denote the image of ϕ R , and let I R denote right ideal in S R generated by ϕ(a 1 ), ϕ(a 2 ), . . . , ϕ(a m ) ∈ S R . Finally we let M R denote I R ⊗ S R A n (R) and let m R denote the element 
is injective. But m maps to zero under (2.3.3) as m R ∈ M R maps to zero in A n (R) under the multiplication map M R → A n (R). We conclude that m is zero as claimed.
AUTOMORPHISMS AND POLYNOMIAL EQUATIONS
Let f ∈ A n (R) \ {0}. The degree (deg f ) of f is defined as the maximum of the degrees of the monomials occuring with non-zero coefficient in the monomial expansion of f from Proposition
and R is an integral domain. 
is an isomorphism of rings. In particular, the center of Q(A n (R)) equals K. Moreover, an injective endomorphism ϕ : A n (R) → A n (R) is birational if and only if the induced polynomial map ϕ| C : C → C is birational.
Thus by the universal property of Q(A n (R)), the map (4.0.7) has an inverse and must be an isomorphism. The claim about the center of Q(A n (R)) follows, since the center of
of extensions of division rings, where the two vertical extensions are of degree p 2n . It follows that the top horizontal extension is of degree one if and only if the lower horizontal extension is of degree one. This is equivalent to the final claim.
If K is a field of characteristic zero, recall that an endomorphism of A n (K) is injective, since A n (K) is a simple ring. It follows that an endomorphism of A n (K) induces an endomorphism of Q(A n (K)) which is finite in the following sense. Proof. We will prove the bound for the left dimension (the proof for the right dimension is similar). Let e 1 , . . . , e r ∈ Q(A) be linearly independent over Q(S).
By clearing denominators we may assume that e 1 , e 2 , . . . , e r are elements in A. Choose D ∈ N, such that deg e i ≤ D for i = 1, . . . , r. For j ∈ N, let B j denote the Bernstein filtration of A and define The first question could perhaps be answered affirmatively by reducing to positive characteristic (where the left and right dimensions do agree). The last question is inspired by the simply connectedness of C n in the commutative case [2, (2.1) THEOREM, (e)].
